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UccneyopaHve CIeKTpayIbHbIX CBOMCTB, B YaCTHOCTH CYLJeCTBOBaHHe CBA3AaHHBbIX COCTOAHHM, TraMWJIbTOHHaHOB 
HeCKOJIBKHX He COXPaHAIOLNIMMCaA YMCJIOM KBa3s4acTHL (PH3MKU TBepAOFO Tesla, KBAHTOBOM TeOpHH MOA CTATHCTH- 
yeckoli (PH3HKH TeCHO CBA3aHBI C 3aladeli W3y4eHHA CHCTeEMbI YACTH4YHO HATerpasibHbIX ypaBHeHHi ClieWMaIbHOrO 
Buia (1) (cm [1-2]). 


Tlycrb C — ofHomepHoe KoMMIeKcHOe TIpocTpaHCcTBO, Crab] — Banaxoso mpocrpaHcTso HempepbIBHBIX Ha OTpe3Ke 
[a,b] ynxuni WC. sas] TOQMpoctpaHcTBO CHMMeTpH4ecKHX HM HelpepbiBHIX (PYHKUM OMmpeyeyIeHHEIX Ha 


kBapate[a,b] x [a,b]. B Banaxosom npocrpancrspe H =C OC, © ‘orn PpaccMOTPHM CyIe/tyFOLILy40 


CHCTeMy YaCTH4HO MHTeErpaibHbix ypaBHeHHli 


fr AlaWf, Oat = g,, 


fy + fie) + Aa, (x)[ a, (0) f, Odt +A,a,(x) a, f, dt = 8,02), a) 
f+ hy) + 


+Aa,(x) a, f(t y)dt +A,a5(y) fas) f, 20d? = g(x,y) 
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Vi coorsercrBytollee ef CHCTeMy OJHOPOHEIX ypaBHeHHit 


fy +A, | a,(0) f, (Oat =0, 


fit f@)+Aa,(x) | a,(t) f,(t)dt +A,a,(x) | a,(t) f,(x,t)dt = 0, a 


SO) + fo y) + 


+A,a,(x)|a,() f(t, y)dt +Asas(y) [as (1) f, (x,t)dt =0. 


3yecb a, (1, 2,...,5) - HaHHbIe HelpepbIBHbIe (PYHKIMH, yAOBIeTBOpAIOMIMe Cie LyIOWMM yCOBMAM: 


b b 
Ja,@dt=0, [a7 @dt=1, i=1,2,3,4,5; 


& =(8>8,(%),8,(x.¥)) € H — nannaa pyuxuus, f = (fo. f(x). f,(%y)) ¢ H — uckomas bynkuna. 
OTMeTUM, 4TO YaCTHYHO HHTerpasIbHble ypaBHeHHA W3y4asIMcb B padoTax [3-6]. 

Teopema. Eom/A, #—1, A, 4-14, #-1 uA, +A, #-1, to: 

a) CHCTeMa MiMeeT e/IMHCTBeHHOE pellienue Jia mOG0r0 g € H; 


6) ofHOposHas cucTema (2) HMeeT TPHBHasIbHOe pellieHve. 


oka3aTesbcrBa TeopeMbI .J[y11 OKa3aTeJIbCTBa TEOPeMBI CHayasia HEOOXOJMMO TOJIYIHTb HEKOTOPOe HHTerpasiIbHoe 
ypaBHeHve Tuna DpenrombMa. C 9To WesbrO OyeM CHayalla pellIMTb YaCTH4YHO- MHTerpasibHoe ypaBHeHHe, T.e. 


cbyxumto f, (x, y) BbIpasum 4epe3 g(x, y) u f(x) .Ouesuguo, 4To m3 TMepBoro ypaBHeHHa cuctempI (1) f 
BbIpPaHkaeTca Yepe3 MHTerpalbl fu Y,. Ecu NomyyenHble BbIpaKenua wa f,(x,y)u jf, MWOACTaBHM BO BTOpoe 


ypaBHeHHe CHCTEMBI,TO MBI TIOJY4HM HCKOMOe 4aCTH4HO-HHTerpalibHoe ypaBHenue DpexrosibMa C BbIPOKICHHBIM 
sIpom. Pemiaa wHTerpasibHoe ypaBHeHue MpesrosbMa C BbIPO?XKICHHBIM AJIPOM OMpeesIMM Heu3BeCTHY1O (PyHKUMEO 
f(x) sepe3 aaHHpIe cuctembl ypaBHenum (1).JJanee,noyctapiat momyyenHoe mya f,(X) BbIpaKeHHe B CO- 


OTBETCTBYIONIMe BbIPAKeHHA Jia yHKuMit f, uf, (X, y) MbI ABHO HaxOJMM e]MHCTBeHHOe pettieHve cucrempt (1). 


JlanbHeiiiiiat uactb paOoTbl MocBallaeTca peamM3alqu1o 3TOM TporpamMMpl. Cuntai PyHKIMro fi Y3BeCTHOM 


HaxXOJMM 13 YaCTW4HO- MHTerpavibHoro ypaBHeHia cuctempl (1) dyHKuuto f, (x, y). BBoga HOBbIX Hev3BeCTHBIX 


cbyHKuMii a, (y) u As, (x) no cbopmysam 


ay(y)= fa) f(t yat 
5 @) 
as,(x) = [as (t) f,(x,0dt 


TOuY4HM CyleLyrollee BbIPAKeHHe Wa pyHKunH f, (x, y): 
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Ts (x, y) = os y) — f,@) = AiG, (x)ay(y) = Aas (x)das, (x). (4) 


Teniepb Halla 3a1a4a CBOTMaCb K HaxOxKeHHIO PyHKUMH A, Ud,, . Moyctapiaad Bpipakenne (4) dbynkunn f, (x, y) 
b b 
B cuctemy (3) 4 yunTIBas 43 ycnoBuii A, #—1, A, 4 —1, Jai (t)dt =| a: (t)dt =1. 


a a 


Tomyaum cvuictemy HHTerpasIbHBIx ypaBHeHHii JUia ompeyesieHHa d,, (YY), As, (x) 


ay (9) = rail Ja,a.(tydt + [a,(Of, Oat + Asas | a, ‘nast0a} 


a a a 


(5) 
1 b b 
g(x) = +] J a,(t)g,(x,t)dt + A,a, fas (1)a,, in 


C yemb1o HaiiTH d,,(y)u d,,(X) MO_cTaBUM BbIpaxkeHHe WI1d;,(X) B MepBoe ypaBHeHHe cucTembi(5) u 
HMeeM HHTerpasibHoe ypaBHeHHe C BbIPOXKJCHHBIM AZPOM OTHOCHTENbHO A,,(y) Buta 
AAsas(y) ( 1 ff 
a.(s)a,,(s)ds + a,(t)g,(t, y)dt + 
i as ial ag 
A;a;(y) 
(1+A,)d+A;) 


Ay (y) = 


fa, f,@at + 


a 


1 bb 
w, [Ja@a,Og,@s)dids.© 
‘4 aa 
STO ypaBHeHVe CBOIMTECA JIMHeMHOMy asireOpaveckomy ypaBHeHHto. BBojia HeH3BeCTHY!O TIOCTOAHHY!O 


b 
CS Ja. (s)a,,(s)ds (7) 


B ypaBHenun (6). MZ o6o3Hauas uepe3 F'(g,, f) cbyHkuutro 


1 b 
eo) fa,@g,(t,y)dt - 


a 


F(g,,f)= 


A;ds(y) 


qa (t)a,(t)g,(t,s)dtds. (8) 


aa 


-—_ fa, (1) f, (tat - 


a 


Mor nomy4uM cylesyrollee BbIPAKeHHe JUIA A, (y) B BAe 


ay (y)= a,(y)C + F(g,,f,)- 9 


d+/,)0+4 A;) 


b 
TlogcranosKoii (9) B (7) 4 HcHouIB3yA yCOBHit | a; (s)ds =1, A, + A, #—1 ognosHagHo onpeyensem C : 


a 
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(1+ A,)+A,) ¢ 
a F(g,, f,)ds .(10 
eo) Jas(y) (g,,f,)ds .(10) 


Beipaxerue dyHxunn F'(g.,, f,) v3 (8) mogcrapu B (10) 1 Mocse cooTBeTCTBYIOWIMX YIPOLeHHii, IPH ycOBHAXx 


b b 
Jas (s)ds =0, fas (s)ds =1, nonyaun: 
1 


“ae 


az faatoeste s)dtds.(11) 


JS aa 


Tenepb mogictapiad B (9) HaiizeHHoe 3HayeHHe C’ puye (11) u BbIpaxenue dpyHkunn F'(g,, f,) v3 (8), BbILIOJHHB 
HEKOTOPBbIX YIpPOLeHHi HMeeM: 


1. A 
100 Jacntente.»)- fO)ds | ~ S58 a (12) 
4 5 


Terlepb CLeHEO HaXOKeHHA A... (X) BpIpaKeune (12) W111, (y) TOuCTaBsIIeEM BO BTOpoe ae clicreMBI (5). Bocniorsyscb 


¢ ObosHaNeHHs g ,< = [faytias(sen(t s)dtds 1 yaurswas yenosuti a;(s)ds =0, a2(s)ds =1, waxonm 


aa 


As, (X) BBY 


Ay 845, (x) 


to .. (13) 
(+A,)U1+ A, +A,) 


As, (X) = —— fas(ea(0) _ 


JIaneenogcrapiaa B (4) Bepaxenua (12) u (13) aia dyHKumnd,,(y) ud;,(X).CoorpercrBeHHo, Hocle HeKOTOpEx 
BBIYMCIICHHH MONTY Cileyrollee BbIpakerne Wit f, (xX, y): 


P49) = 8069) — AQ) + 2 ay(0)fase fae 7,1) esate. at - 


AyAs& 45 
(1+/A,)1+4,)A+ A, + A;) 


Z b 
2a. (y) a,(t)g,(x,t)dt + 


a a,(x)a;(y). 


(14) 
Temlepp 13 TepBoro ypaBHeHHa cHicremBI (1) Haiiiem fy : 


fo = &o A, fa, f,dt (15) 


TlogicraHioBkoii Bo Bropoe ypaBHeHe CHCTeMBI (1) HaiieHHbIe BbIpakerHa dyHKunit f Bf, v3 (14) w(15), yaurpiBad ycrOBHEO 
b 


| a,(t)dt u oosHayeHHit 


a 
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A,s = a,(t)as(Ndt =0, 84, =| fa,(Da,(s)g,(t,5)dtds, 


TIPHXONHM cileqyrolllemy WHTerpaibHoMy YyPaBHeHHO orHocutenbHo f(t) : 
fix) -A, fa) f, Ode + 2,a,(x)[ a, (0) f(Odt = 8, (2) — 8 —Ayay(x) | a,(D 8, (,0)dt + 
‘ ‘ \ (16) 
AA; f AA, _ A,AyAs(2 + Ay + A5) Ags 845 
+ 1+d, Asal] a;(t)g,(x,t)dt + T+, BeG(X)a (aX) (+ A,\+ A)+ A, +A) a,(x)a,(X). 


310 H eCTb HcKoMoe Jua byHKunn f, (¢) uHTerpasbHoe ypaBHeHe DpesTolbMa C BbIPOKCHHBIM AJIPOM 


b 


f-[[Aa@-24,0a,0] 4, Odt =yQ0. 


a 


3ylecb MIpaBasi YacT ypaBHenns (16) o6o3HayeHa yepe3/(X) , T. e. 


b yi b 
V(X) = 80x) — 8) — asl a,(Ng,(atdt +2 5 Asta) as (tat + 


1+ (17) 
A A, Aq (2 +A, HA. YA 
rae ae (x)a, (x) — _Aehits2 Mateos IN) (x)a, (x). 
l+Ay (+4,)A+4,)A +A, +A,) 


Ilyctb 
b, = [a0 f,Odt, 


(18) 


b, = [a,(t) f, dt. 


Torga dynxuns f, (x) 3armuerca B BYE 
FO = W(X) + AB, — Aa, (x)d,-19) 
Tlogcrapmat Bbipakerve nyt f, (x) (19) B (18) uMeem cricTemy JIMHeiHHBbIX ypaBHeHHii OTHOCHTesIbHO Hev3BeCTHEIX D, 
Y b, 
b 
b, =[a,0[y() + Ab, — Aa, (ab, Jat, 


: (20) 


b, = [a,(t)[y(x) + Ab, — 2,4, (xb, Jat. 


a 


b 
OGosnayaa yepes A, HHTerpan A,, = | a,(t)a,(t)dt u yaureipaa ycnoBnit 


a 
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b b b 
Ja, @dt=fa,@at=0, a? at =1, 
v3 cHicTempbI (20) mosry4HM: 
b 
b, = Ja, (t)y (x)dt —A,A,,b,, 


: (21) 


b, = | a,()y(x)dt - Ab. 


a 
Ecm A, # —1, To v3 Broporo ypaBHeHua cuicTeMbI (21) Haiizemb, B Bue 


1 b 
b, =—— | a,(t)y(x)dt Ccnomowpio4ezo Haxodumb,, 


Lt ss 
‘ (22) 


A, a AA 
b= [aw ade — A, fascowtoot -||a-: amy Aad an) 


Togcrapias 3Ha4ennit b, u b, B Bbipaxkenue (19) Haxogum dbyHKuuro f, (x): 
f(y) = 


a f ~ AAs ; AA, AhyAs(2 + Ay + As) Ags Aras 85 
4 fanaa ABs tT y. Ays 8135 + 145; Aya a3 (1+ A, )(1+ A+ A, + Ac) 
_ A, A ( AsAs8035_, AAs AAAs (2 + Ay + A5)AgsAgz48a5 | , 
rea _ +a] fost *iBon #7 ee (+A jd+A\d+a, +4) | 22? & 


( A, 
Aya (faa, cundr rr Aan(fa (1) g,(x,t)dt + - 8430, (x)a, (x) — 


4 
_ AAAs (2 + Ay + As) Ags 845 
(l+A,) +A) + A, + As) 


rye 


a, (x)a, (x), 23) 


b 


b 
Ain, =]a,Oa,Oa,Odt, i, =| 


a 


d, (t)a,, (t)a,, (t)g,(t,s)dtds, 


ee Ae 


ay (x) onpegenaerca bopmynoii (18). Hc romompro MocmeqHero 13 (15) Haiizem f, B BUTE; 


Soo = 8o 


b 
AA y) 
—A, Jaoscou = Ax8 195 + Tad, fis8i05 ate A Al = 


AAA; (2 + A, + A, DAs A548 45 
d+4)d+4)0+ 4, +45) 


(24) 


er coal a (0) 8,(1)dt = AyBny + AS Aggy 8ing + 2 
1+ A, i 


_ AyAyAs(2 + Ag + As) Ags Aya 845 
14+A4 


(+A,)d+4,)04+ A, + As) 
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Janee, yantTpipaa (22), 13 (14) Haiinem V5 (xX, y) HepKecyesyrouleM Bue; 


Ts (x, y)= 
Ai A 
= 829) = 800) — B - sas) fa att)at + 2A Aes) f ater 
5 a 
AA, _ AdgAg(2 + Ay + 5) 845 AA AOA AAG 7 
Mag GARE ea da de dedeay 
_ f 7 AAs. AA, AAgAs (2 +A, . As) AysAvy, 
/ J 4(8Odt Agia a AsBis + +A, Aba Oy Alt A+ A, + Ay) 
AAyAy ~ Aya (x) — AAyAyay (2) Ads. , BA AsAyAs(2 + Ay + As) ArsArsy 
| 1+, bath | fang =a + ix ra Asgboae* ia Ayu8a3 (+d, M+ A, +A, +4]. 564 


Aya, (2) a ep AAA (2 A, # A) AAs 
+——§£!£!_ t) t)dt —— +——A —.S oJ (25 
2191 Fag Biss FT AsBaas + ABs ~ (+A jdtayied, +4)" a 


1, HAKOHEL BBOJIMM Ciley{yFolle OOO3HAYeHHA B BbIPAKeHHAX (23), (24), (25); 
AAAs (2+ A, A; ) Ass g 
(1+ A,)0+4,)0+4,+4,)°” 


f 3s AA, 
B, = Ja (t)g, (t)dt ye ae a Tio: a a Aig Ong + i+a, 80 = 


Torga aia bynxuni fy, f\(x)u f, (x, y) monyau: 


_ AAA ' 
f= 8+ A| B+ [B, | (24) 


f(x) = 
A b 
=4, [B,] a 1 : (AA, + a,(x))[B, | + g,(4) — 85 —4,4; (x)[a,(t)g,(x,ndt + (23) 
AAs f AA, _ 
a i+, Ath (o] a (t)g,(x,t)dt + +A, 8430, (x)a, (x) — Ca,(x)a,(x). 


Fd) = 821%, 9) — 2 (8) + Bo _ 


r t Asds(9) | 
oS a,(x) J a,(t)g,(t,y)dt aoe (t)g, (0dr *Asas(2)] aC 89(osDat - 


(25’) 
_ AA, 4 ; _ AA, _AIB AAAs (2 + Ay + As) 845 
ick 1, 3543 (ofa (t)g,(x,tdt ca 1, 834, (x)a,(x) + Ca,(x)a,(x) - A, [ Al + (+ A)+A (+A, + 4) a,(x)a,(y) + 
jp Ay Ary (*) Ay 
tra te tO alt lB] 


Takum o0pa30M, paccMaTpHBaemas cuctema (1) HMeeT e{MHCTBeHHOe pellieHve, KOTOPoe HaxXOMTCA C TIOMOLIbIO 
tbopmyst (23), (24) u (25).Tem caMbIM MBI J]0Ka3asIH YacTb a) TeOpeMBI. 
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Tenlepb JoKaKeM uacTb 6). B cury omHOpogHocTH cucTemBI (2) uMeem g, =O, 2, =0, g(x, y) =O. Ha ocnope 
9TOFO, MpaBble yacTH paBeHcTB (23), (24) u (25) paBHbI HysHO, T.e. HMeeT MecTo ToxyectTBa fy =O, f\(x)=0 u 
f,Q,y) =0. 

3HauHITE, JaHHad OHOPOHAA CHCTEMA MEET TOJIBKO HyJIeBbIe PellieHHe. 

Teopema 10Ka3aHa MOJIHOCTBIO. 
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